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Abstract 

We prove the strong Atiyah conjecture for right-angled Artin groups 
and right-angled Coxeter groups. More generally, we prove it for groups 
which are certain finite extensions or elementary amenable extensions of 
such groups. 

When Atiyah introduced L 2 -Betti numbers for compact manifolds (later 
generalized to finite CW-complexes) , he asked [TJ p. 72] about the possible values 
these can assume. In particular, he asked whether they are always rational 
numbers, or even integers if the fundamental group is torsion free. This question 
was later popularized in precise form as "the strong Atiyah conjecture" . Easy 
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examples show that the possible values depend on the fundamental group G 
of the space in question. For a subgroup of order n in G, a compact manifold 
with 71"! (M) = G and with L 2 -Betti number 1/n can easily be constructed. 
For certain groups G which contain finite subgroups of arbitrarily large order, 
with quite some effort manifolds M with Tr±(M) = G and with transcendental 
L 2 -Betti numbers have been constructed [21I5HT2"] . 

The L 2 -Betti numbers can be computed from the cellular chain complex. 
The chain groups there are of the form l 2 (G) d , and the differentials are given by 
convolution multiplication with a matrix over 1[G\. Let N denote the positive 
integers. Then the strong Atiyah conjecture for CW-complexes with fundamen- 
tal group G turns out to be equivalent to the following (with K = Z): 

1 Definition. Let G be a group with a bound on the orders of finite subgroups 
and let lcm(G) 6 N denote the least common multiple of these orders. Let 
if C C be a subring. 

We say that G satisfies the strong Atiyah conjecture over K , or KG satisfies 
the strong Atiyah conjecture if for every n G N and every A £ M n (KG) 



Here, as before, we consider A: l 2 (G) n — > l 2 (G) n as a bounded operator, acting 
by left convolution multiplication — the continuous extension of the left multi- 
plication action on the group ring to l 2 (G). We denote by pr keryl the orthogo- 
nal projection onto the kernel. Finally, 5\ei := (0, . . . , 0, 5\, 0, . . . , 0)* € l 2 (G) n , 
where ' denotes transpose, is the standard basis element with non-zero entry in 
the i-th column equal to the characteristic function of the neutral element in 



If G contains arbitrarily large finite subgroups, we set lcm(G) := +oo. 

This conjecture has several important consequences. The most notable is 
the Kaplansky conjecture: if G is torsion free (hence lcm(G) = 1) the strong 
Atiyah conjecture over K implies that KG contains no non-trivial zero divisors. 
For groups with torsion, knowledge of the strong Atiyah conjecture can still be 
useful e.g. to show that ker(A) = {0}, it suffices to show that its dimension is 
< l/lcm(G). In particular, as explained in [5] Section 12], for certain right- 
angled Coxeter groups, knowledge of the strong Atiyah conjecture can be used 
to prove the Singer vanishing conjecture. 

There is a considerable body of work to establish the strong Atiyah con- 
jecture for suitable classes of groups. In this paper, we use these results to 
establish the Atiyah conjecture for certain elementary amenable extensions of 
right-angled Artin groups, right-angled Coxeter groups and related groups. 

This is based on the following results: 

(1) With a very ring-theoretic approach to extensions by an infinite cyclic 
groups and induction methods, Linnell [9] proves the Atiyah conjecture if 
G is elementary amenable and lcm(G) < oo, in particular if G is torsion- 
free solvable, and for arbitrary coefficient rings K C C. 




n 



l 2 G. 
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(2) In [T3] and more generally in [SJ Theorem 1.4] there is established an ap- 
proximation result for L 2 -Betti numbers for residually elementary amenable 
groups in terms of the L 2 -Betti numbers for these elementary amenable 
quotients. Because a limit of a sequence of integers has to be an integer, 
this implies the strong Atiyah conjecture over Q for residually torsion- 
free elementary amenable. Here Q is the field of algebraic numbers. Re- 
call that the class of elementary amenable groups is the smallest class of 
groups which contains all finite and abelian groups and is closed under ex- 
tensions, subgroups and directed union. In particular, all solvable groups 
are elementary amenable. 

(3) Linnell and Schick establish in 113 Theorem 4.60] a method which im- 
plies that the strong Atiyah conjecture not only holds for a group G, but 
also for its elementary amenable extensions, in particular all its finite ex- 
tensions. It is based on the use of Galois cohomology (even a version of 
the generalized cohomology theory "stable cohomotopy" ) which governs 
the appearance of excessive torsion in the quotients of the extensions in 
question. 

The main result of this note is the following: 

2 Theorem. Let H be a right-angled Artin group or the commutator subgroup 
of a right-angled Coxeter group, and let 

be an extension with Q elementary amenable and such that lcm(G) < oo. In 
the case H is the commutator subgroup of a right-angled Coxeter group, assume 
that all finite subgroups of Q are 2-groups. Then the group G satisfies the strong 
Atiyah conjecture ouer Q. 

Note that a right-angled Coxeter group itself is such an extension (with Q a 
finite 2-group) of its commutator subgroup. 

To prove this, we will observe that an old result of Duchamp and Krob [7] 
shows that right-angled Artin groups are residually torsion free nilpotent, and 
therefore belong to the class | (2) | above. Moreover, this result and a recent result 
of Lorensen [11] allows us to apply the method of |(3)[ 

For right-angled Coxeter groups, we will combine a construction of Davis 
and Januszkiewicz [4] with a slight generalization of |(3)[ 

3 Definition. Let L be a flag simplicial complex with the vertex set S. As- 
sociated to L there are three groups: the right-angled Artin group Al, the 
right-angled Coxeter group Wl, and its commutator subgroup Cl defined by 

Al '■= (S | st = ts if {s, t} is an edge in L), 

Wl ■= {S | st = ts if {s, t} is an edge in L, and s 2 — 1 for s e S), 
C L := [Wl,W l ]. 
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If S' is another copy of S, we denote the element corresponding to s E S 
by s' € S'. Let V be a copy of L with vertex set S'. The octahedralization 
OL of L is the subcomplex of the join of L and L 1 obtained by removing all 
the edges (and their cofaces) of the form {s,s'}. We denote by A the simplex 
with vertex set 5", and define AL to be the subcomplex of the join of L and A 
obtained by removing all the edges (and their cofaces) of the form {s, s'}. Note 
that the Coxeter group associated to A is Wa = (Z/2)I S L We identify Wl with 
the subgroups generated by S in Wol and Wal- 

Following [4], we define four homomorphisms: 

<f>:W AL ^W A 9:W AL ^W A a:W OL ^W AL (3:A L ^W AL 
s i — y 1 s i — y s s I— > s s4 ss' 



4 Theorem (4J Theorem on p. 230]). The maps a: Wol —> ker(0) and 
f3: Al —y ker(#) are isomorphisms, and we identify Wol and Al with their 
images. Thus, both Wol o,nd Al are normal subgroups of W A l of index 2' s '. 

We need the following properties and relations between the groups just de- 
fined. If H < G is a subgroup, recall that a retraction n: W — > H is a homo- 
morphism with tt\h = id#, and H is called retract of W in this case. 

5 Proposition. 

(1) C A l = Wol H is a normal subgroup both in Al and Wol of index 

(2) C L = W L C\A L . 

(3) Cl is a retract of C A l- 

(4) Al and Cl have finite classifying spaces. 

(5) \cm{A L ) = lcm(C L ) = 1, lcm(T^ L ) = 2 dimi+1 . 

Proof. The direct product of the homomorphisms <j) and 6 maps W A l into 



(Z/2) 2 I S I and is easily seen to be the abelianization map. Thus |(1)| follows 
from Theorem |U Similarly |(2)| follows, since 8 restricts to the abelianization 
map on Wl- To prove [(3)j we note that the natural retraction W A l —5- Wl, 
s i-> s, s' i-> 1 restricts to the retraction of the commutator subgroups. |(4)|and 



(5)| are standard facts, see, for example, [3]. □ 

We now have to establish the very slight generalization of the method of [To] 
alluded to in|(3)[ To begin with, recall the following jTOj Definition 4.3]. 



6 Definition. Let p be a prime number. A discrete group G is called cohomo- 
logically p- complete if the canonical homomorphism 

H*(G p ;Z/pZ) := lim H*(G/H; Z/pZ) -> H*(G; Z/pZ) 

[G:H]=p n 
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is an isomorphism. Here, the direct limit is taken over the directed system of 
finite p-group quotients of G. This limit is by definition the Galois cohomology 
of the pro-p-completion G p of G. 

G is called cohomologically complete if it is cohomologically p-complete for 
every p. 

Slightly specializing [lOj Definition 4.53], we also define 

7 Definition. G has enough torsion-free quotients for the prime p if for each 
normal subgroup V of G with G/V a finite p-group, there exists a subgroup 
U < V normal in G with G/U torsion-free and elementary amenable. If this 
holds for every p, we say that G has enough torsion-free quotients. 

Since subgroups of torsion-free elementary amenable groups are also torsion- 
free and elementary amenable, the above definition is equivalent to saying that 
every epimorphism from G onto a finite p-group factors through a torsion-free 
elementary amenable group. 

The next proposition shows that these properties are inherited by normal 
subgroups of p-power index, as well as retracts. 

8 Proposition. Let p be a prime number and let H be a subgroup of G. 

(1) Suppose H is normal and the index of H in G is a power of p. If G is 
cohomologically p-complete, then H is cohomologically p-complete. If G 
has enough torsion-free quotients for the prime p, then so has H . 

(2) Suppose that H is a retract ofG. If G is cohomologically p-complete, then 
H is cohomologically p-complete. If G has enough torsion-free quotients 
for the prime p, then so has H . 



Proof. The first assertion of (1) is [TU1 Proposition 4.16]. 

The second assertion follows from [101 Lemma 4.11 (2)]: if V < H with H/V 
a finite p-group, then the intersection Vq of all G-conjugates of V is a subgroup 
of H normal in G with H/Vq, and therefore G/Vq, a finite p-group. Thus, by 
assumption, there exists a subgroup U of Vo normal in G with G/U torsion- free 
elementary amenable. Then U is normal in H, and H/U is torsion- free and 
elementary amenable. 

To prove [(2)| observe that the Galois cohomology of the pro-p-completion, 
as well as the usual group cohomology, are contravariant functors. There- 
fore, since H is a retract of G, the comparison map between H n (II\'Ljp) and 
H n (H p ; Z/p) is a direct summand of the comparison map between H n (G; Z/p) 
and H n (G p ;Z/p). Thus, if the latter is an isomorphism, then so is the former. 

For the torsion-free quotients, let q : H ^> B be an epimorphism onto a 
finite p-group B and let n: G — > H, tt\h = id# denote the retraction. Then, 
by assumption, the composition G ^> H — >• B factors through a torsion-free 
elementary amenable group. Since the composition agrees with q on H, the 
restriction of this factorization to H gives the desired factorization of q. □ 



Atiyah conjecture for Coxeter groups 



6 



9 Proposition. 

(1) A right-angled Artin group Al is residually torsion-free nilpotent, coho- 
mologically complete, and has enough torsion-free quotients. 

(2) The commutator subgroup Cl of a right-angled Coxeter group Wl is resid- 
ually torsion-free nilpotent, cohomologically 2- complete, and has enough 
torsion-free quotients for the prime 2. 

Proof. By Theorem 2.1] the terms of the lower central series of Al intersect 
in the identity and have torsion- free factors. Thus is a residually torsion- 
free nilpotent group, and, since by Proposition [ ^2) | Cl < Al, so is Cl- Also, 
because infinitely many terms of the lower central series of Al have torsion-free 
factors and because finite p-groups are nilpotent, it follows that Al has enough 
torsion- free quotients, cf. |1Q[ Example 4.56]. Furthermore Al is cohomologi- 
cally complete by [ITJ Theorem 2.6]. Therefore, by Propositions E ffiTJI and H ffiT)] 
C\l is cohomologically 2-complete and has enough torsion-free quotients for 
the prime 2. Finally, by Propositions [ ^3)] and H ff2)| its retract Cl also has these 
properties. □ 

10 Proposition. Assume the following: 

• 1— > H — > G — > Q — > 1 is an exact sequence of groups 

• H has a finite classifying space, is cohomologically p-complete and has 
enough torsion-free quotients at the prime p. 

• K C C is a subfield fixed by complex conjugation and KH satisfies the 
strong Atiyah conjecture 

• Q is elementary amenable and every finite subgroup of Q is a p-group 

• lcm(G) < oo. 

Then KG also satisfies the strong Atiyah conjecture. 

Note that the last two conditions are satisfied if Q is a finite p-group. 

Proof. This proposition corresponds to the assertions of iTOJ Theorem 4.60, 
Corollary 4.62]. The only difference is that instead of cohomological g-com- 
pleteness for all primes q we assume that all finite subgroups of Q are p-groups. 
However, the proof of [lOi Theorem 4.60] is done one prime at a time and indeed 
establishes exactly the statement made here. □ 

Finally, we are ready to prove the main result. 

Proof of Theorem^ By Proposition [9] Al and Cl are residually torsion- free 
nilpotent groups and therefore satisfy the strong Atiyah conjecture over Q. 

Now the theorem follows immediately from (TQl Theorem 4.60, Corollary 
4.62] and Proposition llOi as their remaining assumptions are satisfied by Propo- 
sition [S] and Proposition [ ^4) | □ 
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